Abstract -The guidance and leakage properties of single and coupled dielectric strip waveguides are analyzed using the dyadic Green's function and integral equation formulation. Galerkin's method is used to solve the integral equation for the dispersion relation. The effects of the geometrical and the electrical parameters on the dispersion relation are investigated. A method to predict the occurrence of leakage is proposed. The properties of the even and the odd leaky modes are also investigated. Results are compared with previous analysis and shown to be in good agreement.
I. INTRODUCTION HE LEAKAGE phenomenon is important in the area
T of millimeter-wave integrated circuits and integrated optics. Theoretical analyses and experiments have been performed to investigate this phenomenon [1]- [6] . The leakage is due to the TE-TM coupling occurring at the geometrical discontinuities, and the leaky power in the form of a surface wave propagates in the background medium. The leakage loss can be larger than the dielectric loss for some low-loss materials and may cause crosstalk to neighboring circuit components. On the other hand, the leakage properties can be deliberately utilized in designing directional couplers.
There are several methods used to analyze dielectric strip waveguides. The approximate field matching method [7] is used to analyze the rectangular dielectric waveguide. This method considers only the fields in the regions attached to the four sides of the guide cross section, and the fields in the other regions are assumed negligible. The transverse propagation constants are determined by solving the corresponding slab waveguide problems in two transverse directions of the guide cross section separately. This method is an approximate one, and can only predict the real part of the propagation constant.
The effective dielectric constant (EDC) method [8] has been used to solve for the dispersion relations of dielectric strip waveguides consisting of more than two constituent regions in the cross section. T h s method is applied when the width of each constituent region is large compared with the thckness of the guiding layers, and the difference of the effective dielectric constants between different constituent regions is small. However, the EDC method neglects the geometrical discontinuities across the interfaces between constituent regions and cannot be used to predict the imaginary part of the propagation constant; thus the leakage is not considered.
The mode-matching technique has been used to solve for the propagation constant of dielectric strip waveguides [9] . Using this method, the leakage properties of the guiding structure has been investigated [1]-[3], [lo] . This technique can be applied to guiding structures in which the modes of the constituent regions can be determined. However, it cannot be applied when the cross section of the guiding structure is of arbitrary shape or has inhomogeneous dielectric constant.
The finite element method [ll] , [12] and the finite difference method [13] have been used to solve for the dispersion characteristics of the dielectric waveguides. However, the leakage effect was not investigated. The integral equation method has been used to solve for the dispersion relation of the rectangular dielectric waveguide [14]. This method incorporates the continuous spectrum, and hence the radiation loss is taken into account. However, no results concerning practical single and coupled dielectric strip waveguides were presented; and the leakage phenomenon was not investigated.
In this paper, an integral equation formulation using the dyadic Green's function [15] , [16] is derived to solve for the dispersion relation of single and coupled dielectric strip waveguides. A method to predict the leakage is presented, and the leakage properties are investigated. In Section 11, the integral equation formulation for an arbitrary number of inhomogeneous dielectric strips is derived; in Section 111, Galerkin's method is used to obtain the matrix eigenvalue equations. Numerical results and discussions are presented in Section IV. Fig. 1 , there are N inhomogeneous dielectric strips of arbitrary cross section embedded in layer (I) of a planar stratified medium. The whole structure is assumed to be uniform along the propagation direction y . Assume that the permittivity of the dielectric strips is c ( r ) , then the electric field in layer (I) can be represented by the dyadic Green's function and the equivalent polarization current in the dielectric strips as I' .//-xxdk,e'*, (r5-r:)8c(r')i,,(ks, z , z ' ) . E ( r ' ) (7) where the source dyadic contribution has been collected to be the second term on the left-hand side. If the observation point is outside of the source region, this term vanishes automatically.
We assume that the pth eigenmode can be represent:d as E , ( p ) e '~' , where q is the propagation constant along the y direction, and p = 2x + i z . Equation (7) can thus be reduced to
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where S is the cross section of the guiding regions where Consider two identical dielectric strips embedded in layer ( I ) and located symmetrically with respect to x = 0.
The separation s between the two strips is defined as the shortest distance between them. For this symmetrical configuration, both the even and the odd mode exist. We denote the even (odd) mode as a mode with E, an even (odd) function, and H, an odd (even) function of x. A magnetic (electric) wall can be put at x = 0 without affecting the field distributions.
where S, and S, are the cross sections of the dielectric strips. The source dyadic contribution has been collected as the second term on the left-hand side of (9). On the right-hand side of (9), the first (second) integral represents the contribution by the equivalent polarization current in the first (second) dielectric strip.
In the next section, Galerkin's method is used to solve the integral equations (8) and (9) for the dispersion relation q ( w ) .
NUMERICAL SOLUTION
For practical applications, the cross section of the dielectric strips can be assumed to have a rectangular shape. For a single dielectric strip of width w and thickness t , = t , -t,, as shown in Fig. 2 , we divide the cross section S into N by M cells of equal area. The length of each cell is Dx = w / N along the x direction, and Dz = t,/M along with z direction. The center coordinate of the (n, m ) cell, S,,,, is denoted by (x,, z,) 
The electric field of the p th eigenmode on the cross section S can thus be represented by a set of pulse basis functions as where a ,, is the Kronecker delta function, which is equal to 1 when a = / 3 and is equal to 0 when a # /3, and cnm is the dielectric constant evaluated at ( x , , z m ) . Next, we choose the same set of basis functions as the testing functions and apply Galerkin's method to (12). Taking the inner product of & P , ( x ) R , ( z ) with (12), we obtain
Here a = x , y, z ; 1 < r < N and 1 < q < M ; A,, is the area of SrY; pll( k , ) is the Fourier transform of P , ( x ) with 5nd g:; (k,,q) is the a/3 component of the dyadic g4"'(k,,q) with
where I, is the domain of R 4 ( z ) .
By utilizing the symmetry properties of p , l ( k , ) and gzr ("(k,, q ) with respect to k , , (13) can be further reduced 
To solve the integral equation (9) for two symmetrical dielectric strip waveguides, we choose the same set of pulse basis functions as in (11) to represent the electric field on the cross section S, as
By symmetry, the electric field on the cross section S2 can be represented as For an even (odd) mode, a magnetic (electric) wall can be put at x = 0 without affecting the field distributions.
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IV. RESULTS AND DISCUSSIONS (23)
Due to the symmetry of the structure, only the electric fields on S, need to be tested when applying Galerkin's method. Taking the inner product of aiP,(x)R,(z) with (23) and utilizing the symmetry properties with respect to k,, we have In this section, three different dielectric strip waveguides are investigated. They are the optical rib waveguide, the strip dielectric guide, and the insulated image guide as shown in Fig. 2 . The central region of each structure is denoted as region I, and the background region is denoted as region 11.
In Fig. 3 , we present the results for an optical rib waveguide. In t h s case, the rib portion in region I is chosen as the cross section of the strip which is embedded in the background medium of a slab waveguide. We divide the cross section of the strip into two segments along the z direction, and eight to 24 segments along the x direction depending on the width of the rib. Muller's method [17] is used to search for the roots of the determinantal equation The wave modes of the dielectric waveguides are hybrid modes in nature. In our notation, they are called Ep"4 modes (TE-like) when the TE, portion is larger than the TM, portion and are called modes (TM-like) when the TEZ portion is less than the TM, portion.
In Fig. 4(a) , we present the effective refractive index neff for the E;, and Efl modes as a function of the thckness in region I of an optical rib waveguide with the rib width as parameter. The effective refractive indexes for the surface wave modes on region I and region I1 as if they were of infinite extent are also displayed in the figure.
The effective refractive index of the TE-like mode Ei;, is greater than that of the TMS mode. Therefore, the k , for the TM? mode is imaginary because k: = ( n f -n:,,)k;; and no surface wave modes are excited to incur leakage. Here I?, is the effective refractive index of the TM;' mode. Meanwhile, the effective refractive index of the TM-like mode Efl is smaller than that of the TE;' mode for certain values of t,. In that case, q is complex with a positive imaginary part, and k , is complex with a negative imaginary part because the separation relation for the TE;' mode implies that qrq, = -k,,k,,. Here q = 9, + iq, and k , = k , , + ik,, with q,, q,, and k,, positive. Usually, q, is much less than q,, and hence \k,,l is much less than k,,.
The presence of the real part of k, implies that the excited surface wave mode propagates away from the guiding strip with an exiting angle 8 = sin-' (kxr,/(n,k,)) with respect to the y axis, as was observed in [2] .
The negative imaginary part of k, implies that the magnitude of the exiting surface wave mode increases in the x direction. This phenomenon can be explained as follows: as the hybrid leaky mode is propagating along the y direction, surface waves are excited in the background medium, which propagate away from the guiding structure with an exiting angle 8. The magnitude of the hybrid mode decreases along the y direction due to leakage; hence the magnitude of the excited surface wave also decreases along the y direction. If we observe the field along the x direction ( y = const), the surface wave at large value of x is excited from the propagating wave along the guide having larger magnitude than that which excites the surface wave at the small value of x.
To predict the occurrence of leakage, let us consider the case of w = 2h, in Fig. 4 . When the thickness t , is smaller than that at point T, the leakage occurs; when the thick- ness is larger than that at point T, the leakage vanishes. This figure not only indicates which modes leak and which do not; it also shows the range of geometrical and electrical parameters governing this phenomenon. Note that the leakage with w = 6A, is smaller than that with w = 2A, and larger than that with w = 4A,. This is consistent with the results in Fig. 3 .
In Fig. 5 , we present the propagation constants for the Efl and E;l modes on an insulated image guide. The effective refractive indexes of the surface wave modes on region I and region I1 are also displayed for reference. For the Efl mode, no surface waves are excited in region 11. On the other hand, for the Efl mode, TM;' mode is excited to incur leakage. From Figs. 4 and 5, it is clear that if the lowest order TE-like mode leaks, the lowest order TM-like mode does not leak; and vice versa.
In Fig. 6 , we present the dispersion relation for three TM-like modes: Eflr E;?, and E& on a strip dielectric guide. The dispersion relations of the first five slab wave-" guide modes on region I1 are also displayed for reference. The effective refractive index of the Efl mode is larger than that of any slab waveguide mode; hence no leakage is expected. For the E;2 and the Ei2 modes, both the TM;' and TE:' surface wave modes are excited, and leakage is observed as the imaginary part of the propagation constant shown in Fig. 6(b) .
In Fig. 7 , we present the dispersion relation for two TE-like modes: the E; and the modes on a strip dielectric guide. The disDersion relations of the first five slab waveguide modes on region I1 are also displayed for reference. The effective refractive index of the E;, mode is smaller than that of the TMi* mode; hence the E;, mode is a leaky mode. For the Ef2 mode, both the TM;' and the TE:' mode are excited, and leakage is observed as the imaginary part of the propagation constant shown in Fig.  7(b) . Thus, the E;, mode couples to the TMb* mode, which has an opposite polarization as was observed by Peng and Oilner [l] , [2]. On the other hand, the Ef2, the E&, and the ET2 mode couple to both the TM;' and the TE:' mode in the background medium. Hence, as the lowest order leaky mode couples to the surface wave mode of opposite polarization, the higher order leaky modes may couple to the surface wave modes of both polarizations. This was also observed by Ogusu [3]. The same conclusions can also be drawn for the insulated image guide.
From Figs. 6 and 7, it is observed that the E;, is a nonleaky mode, but the EA is a leaky mode. This verifies the conclusions we drew from Figs. 4 and 5 that if the lowest TE-like (TM-like) mode is leaky, the lowest TM-like (TE-like) mode is nonleaky.
Next, we consider the coupling of two symmetrical dielectric strip waveguides. In Fig. 8 , we show the effective refractive index of the E;, mode for two identical strip dielectric guides as a function of separation s. The effective refractive index of the even and odd modes tends to be degenerate as the separation increases, and no leakage is observed. Since the separation is large, the field distribution on each strip is the same as if the other strip were absent. For the corresponding single-strip case shown in Fig. 6 , the E;, mode is a nonleaky mode, which implies that no surface wave modes are excited in the background region. As the separation is reduced, there are still no surface wave modes excited.
In Fig. 9 , we present the propagation constant of the E,", mode for two symmetrical strip dielectric guides. The E;, mode on the corresponding single-strip dielectric guide is a leaky mode, as shown in Fig. 7 . The effective refractive index of the even and odd modes tends to be degenerate as the separation increases, but a small oscillatory behavior is observed when the separation s is larger than 2.6 cm. As for the imaginary part of the propagation constant, when the even mode has a maximum, the odd mode has a null; and vice versa.
In Fig. 10 , the propagation constant of the E& mode is presented. The effective refractive index of both the even and the odd mode displays an oscillatory behavior. Where the even mode has a maximum, the odd mode has a minimum; the vice versa. T h s behavior can be qualitatively explained by the following approximate formula for the propagation constants derived from the coupled wave equations tion constants of the coupled modes when the two waveguides are both present; E, is the electric field due to waveguide i in the absence of the other guide, where i = 1,2; and P is the power guided by waveguide 1 alone. For the nonleaky modes, the electric fields decay away from the central regions. Hence the overlapping integral decreases as the separation increases. For the leaky modes, the electric fields outside of the central regions are the superposition of an evanescent wave and the propagating surface waves. If the propagating wave portion is strong enough, it will make the overlapping integral change sign when the separation is changed; and the overlapping integral sustains even at large separation.
For two symmetrical dielectric strip guides, the overall leakage is due to the excitation of the surface wave modes in the background medium by both guides. At certain separation when the even mode has a maximum leakage, it implies that the surface wave modes excited by each waveguide add in phase. For the odd mode at the same separation, these surface wave modes add out of phase due to the definition of the even and odd modes; hence the cancellation effect is observed as a null in the imaginary part of the propagation constant. Similarly, if the odd mode has a maximum leakage at a certain separation, the even mode shows a cancellation effect.
The small oscillation in Fig. 9(a) , however, does not contradict the aforementioned explanation because the leakage loss is almost two orders smaller than that of the Ef2 mode; hence the contribution of the propagating surface wave to the overlapping integral is negligibly small.
In Fig. 11 , we show the effective refractive index for the Efl modes on two identical insulated image guides. The even and odd modes tend to be degenerate when the separation is increased. The E:, modes are nonleaky modes as the corresponding mode on the single insulated image guide. In Fig. 12 , we show the propagation constant of the E& modes on two identical insulated image guides. The effective refractive index of the even and odd modes tends to be degenerate, and the imaginary part displays maxima and nulls alternatively. surface wave modes in the background medium. For the coupled dielectric strip waveguides, the dispersion relations of the even and odd leaky modes are investigated.
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